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ABSTRACT 


Simple models for a defense consisting of a preinstalled 
mine field possibly defended by an anti-tank weapon are 
derived and analyzed. This paper uses a special Poisson 
process to model the one or two positions of mines in the 
mine field. The duel between the anti-tank weapon and 
offensive tanks crossing the field 1s modeled with a con- 
tinuous time Markov chain. Some algebraic solutions and 


numerical results are obtained for specific scenarios. 
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I. INTRODUCTION 


For more than two decades, conventional mine fields 
have been in place along the Demilitarized Zone and in 
front of strategic points in Korea. The way in which the 
effectiveness of the mine field has been increased and 
Maintained 1s the periodic replacement of old mines and 
the addition of new mines to the field. 

In the initial phase of a war, the enemy will attempt 
femuse a quick attack to break through the defensive lines, 
like the one which was constructed by Korea along the 
D.M.Z., in order to seize some preplanned areas. For this 
operation, the enemy will use their numerical'‘Superiority 
in tanks and artillery. If the enemy is able to seize 
areas which are important politically and economically, the 
advance will stop. 

There are many ways to improve and reinforce the 
defensive line. Against the enemy's quick tank and armored 
vehicle attack, the best way is to have a mine field that is 
defended by anti-tank weapons. 

History and experience have shown that a mine field 
defended by an anti-tank weapon is more effective than a 
Mine field by itself or the anti-tank weapon by itself. 

The reason why the mine field is the best means of defense 


against the enemy's tanks and armored vehicles is that . 








lt may restrict the movement of enemy tanks and vehicles 
and thereby increase the effectiveness of anti-tank 
weapons. A mine field also assists in protecting friendly 
forces from sudden attack. 

In this thesis, it is assumed that the preinstalled 
mines in a mine field act their characteristics with 
100 percent reliability. Some simple probabilistic models 
are studied for scenarios of a mine field and a mine field 
defended by an anti-tank weapon. Algebraic and numerical 


results for some cases are provided. 








IIT. SCENARIO ASSUMPTION 


A. TERRAIN AND MINE FIELD 

The mine field consists of both anti-personnel mines 
and anti-tank mines. The mine field is located crosSing 
the likely axis of enemy advance. 

The defensive forces are able to view possible offen- 
Sive movement over the entire field. The entire field is 
also within the effective firing range of the defensive 
forces. It will be assumed that the offensive tanks have 
no maneuverability problems in the field. The positions of 
preinstalled mines are well camouflaged and are of the 
pressure-activated type. The offensive tanks cannot vis- 
ually detect the mines and hence have no ability to avoid 


Eoac mines. 


B. OFFENSIVE FORCES 

A limited objective for the offensive forces is to 
seize the defending positions. The reconnaissance of the 
offensive tanks did not provide enough information about 
their combat area to determine the defensive positions, 
but the defensive barriers are assumed to be placed along 
the axis of advance. 

The mission of an anti-tank unit is to create a gap in 


the mine field and to destroy the defensive crew-served 





weapons or tanks defending the field; these defending weapons 
are considered to be a major obstacle for following offensive 
forces. It is assumed that the offensive tanks will meet the 


mine field in a deployed formation. 


C. DEFENSIVE FORCES 

The defending forces are occupying preselected strong 
points where they can cover the likely axis of advances and 
also protect the mine field. Each anti-tank weapon's mission 
is to kill the enemy's armored vehicles or tanks in his 
asSigned area. The anti-tank weapon is in a camouflaged 
fixed bunker which has usually one crenel. There are many 
bunkers for the crew-served weapons and anti-tank weapons 
in one strong point. Hence, even if the offensive tanks 
find a crenel, there may not be an anti-tank weapon there. 

The dead ground (path) in the area will be covered by 
the friendly artillery firing. Thus, the offensive tanks 
must pass through the mine field. Usually, the defender 
wants to fire at the offensive tanks which are in the mine 
field, because the mines tend to restrict the maneuverability 
of an offensive tank and thereby make it easier for the 
defender to kill the tank. 

For simplicity, an offensive tank which successfully 
crosses the mine field does not attrack further defensive 
fire; that is, the duel between defense and offense will 
Stop at the time when one offensive tank gets through the 


mine field. 
10 





IiItl. MODEL ASSUMPTION 


Pee MINE FIELD 


The preinstalled mine field has W units width and D units 


depth with a rectangular shape. 
pe Q 





Figure 1. Mine Field Model 


We assume the positions of pressure-activated anti-tank 
mines in the field form a spatially homogeneous Poisson 
process with the rate of "r" [Ref. 3]; that is, the number 
of mines in disjoint paths are independent random variables 
and the distribution of the anti-tank mines in the area of 
a path is Poisson with mean "r|A|," where |A| is the area 
path |A| [Ref. 4]. Assume that the track width of a tank 
as W_j\units. 


£ 


Let Ty be the position of the first mine that a tank 


encounters in its path and J(A) be the number of mines in 
its path. The probability that there is no mine in the 


path equals 
- Y(WeD) -RD 


Pit, 7D} =P(siA)=0} =€ a where R=YWe. 


Ihde 


Similarly, the probability of tank gets small Z units 


into the mine field without encountering a mine is 


i 


Pi Tz >3} = P{303)=0} =E* 


fer 0 =e. 
Then 
Pine3} zine 
fr o $3 4D 








V7) f==] [ss 





AS Ar 


As 
Figure 2. Area of a Path 


Let T. be the position of the second mine in the path; 
HOY 3 < D 
—fR 
PlTa-h >y] Hep = Plsaeop se 
and fer Sty <p 


P{T.-T 74] TT =3)5 P{T(As)aop= EP * 
Sor Z+y >D 

So Ty. Tos T 3, have the same distribution as the 
arrival times of a Poisson process with ra 


ES UR chat 1ScOp, 
NN a aa 
at time D. 


ns 
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If any tank which get: into the mine field to attack 
the defensive encounters a mine, the results may be one of 
the following categories: 
(0) No Damage 
This category of damage neither excludes the 
tank from the combat nor limits its mobility or any other 
operations. 
(1) Slight Damage 
The slight damage category also does not affect 
the operational characteristics of the tank, but it increases 
the vulnerability of the tank to serious damage; for example, 
it is more likely that the tank will be completely destroyed 
when it encounters the neue mine. 
(2) Loss of Mobility 
This category includes damage to the tank's 
track or demolition of its suspension system. The tank is 
expected to participate in the duel with the defender until 
it is killed by the anti-tank weapon. 
(3) Completely Destroyed Damage 
This category is defined as total destruction 
of the tank functions; that is, loss of mobility, loss of 
firepower, etc. A tank with this category of damage has no 


Meee influence on the field. 


i 





Let xX, be the class of damage to the tank due to its 
nuh encounter with amine. The xy can then take on the 


following values: 
0; No damage 
1; Slight damage 
2; Loss of mobility 
3; Completely destroyed damage G31.) 
assume X_= QO. 
O 
Assume that: 


x tl is conditionally independent of xX, aT x oe 


given x: The transition probabilities are given as follows: 


PSX, oe x, -0 } c e L=0 


X= eS: 


6t » 


1 5 2-3, J=3 
= ; = ° 3 
Pite~ 5) Xeei}= fa: iva gas 8?) 
| 0} otherwise 
Let X(z) be the state of a tank due to mine encounters 2Z 


units of distance into the mine field. The process {X(z); 


O0$z<D} is a continuous time Markov chain. 


X (3) 





Pliner s.. DILSEFLbDUtLOnN Of Ti's 


14 





with absorbing states 3 (completely destroyed) and 2 (loss 
of mobility). The probability that a tank gets through the 


mine field is 


Pixn@r Ee Co. 1) } 
by assumption (3.2). 


P{X(dD) = o } 
Pe = yy} 


eee 


CRD) 2 


Hence, the probability of a single tank getting through 


the mine field is: 


Epa) Gort); 


! 


eo 4 (rae) B, 


Gee pppe ”? . 


Be DUEL 

When tanks appear in front of the mine field, they are 
seen by the defensive forces and the defender's anti-tank 
weapon starts to aim at one of the tanks. In general, the 
probability that the anti-tank weapon hits the offensive 
tank depends on the type of anti-tank weapon, the firing 
range, and the ground condition. In this thesis, the hit 
probability 1s assumed to depend only on the defender's 
anti-tank weapon type. The interval of the firing time 
(the time between rounds fired) is a random variable. The 
anti-tank weapon of the defender has the advantage of first 


mr ing. 
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The offensive tank leader is mainly involved in observ- 
ing the battle area rather than trying to detect mines. 
His task is also to detect the defender's crew-served weapon 
positions. As assumed in the previous section, since the 
position of the anti-tank weapon is well camouflaged, the 
offensive tanks cannot begin to detect the anti-tank weapon 
position until the anti-tank weapon fires and gives away 
the region it is in. The probability of detecting the anti- 
tank weapon position depends on the distance; that is, the 
further away the defender's weapon is, the less likely its 
position will be detected when it fires. If any one of the 
offensive tanks detects the anti-tank weapon position or 1s 
MECeby a Mine, Che warning and information are given to the 
other offensive tanks. When the offensive tanks find a 
potential anti-tank weapon position, it is uncertain whether 
the offensive tanks have detected the anti-tank weapon or 
not. Here it is assumed the offensive tanks can detect the 
position of the anti-tank weapon immediately after the anti- 
tank weapon's first firing. If an offensive tank hits an 
anti-tank weapon, the anti-tank weapon is completely 
destroyed. 

After the defender's anti-tank weapon first fires, we 
assume that there is a duel between the defensive anti-tank 
weapon and the offensive tanks with constant hit probabili- 


ties Pa and Po respectively, that is, 
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let 


1; if an offensive tank hits the anti-tank 


(a weapon during nth round. 
QO; otherwise. 
Also, 
l; if the anti-tank weapon hits an offensive 
H(A) = tank during nth round. 


O; otherwise. 


PaAssune tH (T); ie? 1S Ss aiserece time Markov 


chain with absorbing state l, 


jl 


peertT) =1 | Heatt) = 29 


P{ Hatt) =1 | He (T) =0} 


- 


cure {H, (A); ie ee | Ls a diserete tyme Markov 


i} 
}—- 


Pw! (3.3) 


chain with absorbing state l, 


PS H(A) =4 | Hata) = 4} 4 


P{ Hn(A) =41 | Hata) =0} =f (3.4) 


7 the firing interval between rounds is independent and 


exponential with the rate of 4'., for anti-tank weapons and 


A 


A" for offensive tanks. These rates include all various 
ae Pere oe 


ne, 





V 


intervals between rounds fired, which are aiming interval, 
loading interval, converting interval and firing interval. 
ie Will assume that the offensive tanks have a constant 
velocity through the mine field. Hence, the potential 
offensive distances traveled between rounds fired are also, 


independent and exponential with the rate of d,\ for the 


i am a = 
an / Xe 


anti-tank weapon and \A,,\for the offensive tank. 


All contestants Have unlimited ammunition supplies and 
begin the duel with loaded weapons. The duel between 
offense and defense is assumed to start at the time of the 
first firing of the defender's anti-tank weapon or at the 


time the first mine is hit, whichever time is smaller. 


The duel will be ended when either the offensive or the 


faerensive side is killed or an offensive tank successfully 


crosses the mine field. 

It 1S assumed that the offensive tanks damage category 
due to anti-tank weapon firing is only killed or not killed. 
When the offensive tanks damage category due to mine 1s 
loss of mobility or completely destroyed, the anti-tank _ 
weapon changes its aim objective to the other tank. 

Let "Sy" be the offensive tank position when the anti- 
tank weapon is killed by an offensive tank, let "Si" be 
the offensive tank position when an offensive tank is 


killed by a defensive anti-tank weapon. \/Since the intervals 


between firing are independent and exponential and 
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assumptions 


(3.3) and (3.4) hold, and the offensive tanks 


travel at a constant velocity. 


and 


One Oge. .- (AE 
= eS jaa) 4 Ce oe ade 


ao See 


= eC CAa Fa t Ar Pr) x 


P f oa 7 %> Sr 7x} 


- ale t Aa Pe) x An Pr 
Pl Sa<Seex} =(1-€ gar 


now the fuel that lasts at least x distance. 


i 


——— 


ie 





IV. DUEL 


Two simple models will be analyzed in detail; the 
first being that there is one offensive tank and one anti- 
tank weapon of the defender. The duel starts at the time 
of the first firing of the defensive anti-tank weapon or 
the time the first mine is hit, whichever time is smaller. 
The other one is that there are two offensive tanks and 
one defensive anti-tank weapon. The offensive tanks start 
across the field at the same time and along different 
paths. The anti-tank weapon starts to fire as soon as the 
offensive tanks enter the field. 

If there is only one offensive tank in the field, it 
is easy for the operator of the anti-tank weapon on the 
defensive side to wait until the offensive tank goes some 
distance into the field before the anti-tank weapon fires 
its first shot. If two offensive tanks are to get into 
the mine field to attack the defensive forces, it is diffi- 
cult for the operator of the anti-tank weapon to wait 
until the offensive tanks arrive at predetermined positions 
before first defensive firing. 

In these two models, five parameters which can affect 
the result and which can be changed in value with training 


or other remedies, will be concerned. They are: 


20 











(1) The fire rate of an offensive tank (An) » 

(2) The hit probability of an offensive tank (Pr), 

(2) The rate of mines in amine field (R), 

(4) The fire rate of a defensive anti-tank weapon (A,), 

(5) The hit probability of a defensive anti-tank 
weapon hg) 

In the remainder of this section, algebraic solutions 
for the probability that an offensive tank successfully 
gets through the mine field for the above models, will be 
given. In the next section, numerical results and investi- 
gation for the sensitivity of the five parameters will be 


provided. 


A. MODEL ONE 

In this model, there is one offensive tank crossing a 
preinstalled mine field. The mine field can be either 
undefended or defended by one anti-tank weapon. 

Let D' be the position of the offensive tank in the 
field when the defensive anti-tank weapon fires its first 
shot. The position is greater than or equal to "0" and 


less than the depth of the mine field (0OSD'<D). 





Figure 4. Location of D' 


Zor 





The event that the offensive tank successfully gets 
through the mine field is the result of several factors; 
they are, not hit be a mine, hit by the mine but has slight 
damage; not killed by defender's first shot and not killed 
by anti-tank weapon in duel during its travel through the 
remainder of the mine field. 

Let 


1; if an offensive tank gets through the mine 
N = field successfully. 


0; otherwise 


1. There is No Defensive Anti-Tank Weapon 


i 


Pf N(d) =1} 


Ge +RDB)E™ 


—RD | RD 
ae. + RDC VY 


il 


(4.1) 


2. There is One Defensive Anti-Tank Weapon 


In this case, we are concerned with the position of 
the first mine which the offensive tank encounters. If the 
first mine the offensive tank encounters is less the first 
defensive firing position Eee chen the potential duel 
duration is longer than the time for the offensive tank to 
travel D - D' across the field. 

For an offensive tank to get out of the mine field 
successfully, there 1S no mine through its path or just 
one mine the tank encéunters, but has slight damage and the 


“Nn 5 
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tank is not killed by the anti-tank weapon's first shot, 


and not killed in the duel. Hence, 


_ 


PS nco=4} = Sri wll oer atct P09 


( 0 j r 
- +(i-¢ (att hPr) (D-D')) Arf 
oie Anta tArfr 


—RD. “ -D°) V 
te UR(p-p) eR’? PRs J*{ 1-87 


Speier), + (se eM CO¥)) — dake zh 
o a % Jeane, | 


+ {te s RIDA) TAL RE, c ew de(- fae Le - (Lahr tay?) (Dx) 





(altar Fe) CD-) ArFr 
+ (1c OS ) oe 1) 
We — (AsmtArh) (D-DD 
ae Le BtArh) ( D) 
~(AaeaP)(D-D)\ Ari 
+(1-€ ) iearhte | 


eye Ler Amat 
t e* [ R Pes ome? oa eta 
- Ag hr) (d-0") & Anka) (D- -D)\ AsP 
4 a $ (Lote pres 


Bere fee. (ntrtArhr) BD” - Oh POD 
Faber = DeBJeL (e -4)e 





(14 hg) tae” J 
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We will now consider the special case in which 
Pol = 0; that is, the offensive tank is killed with proba- 
bility 1 when it hits a mine. In this case, expression 


(4.2) becomes 


Pincp=1} = e®? [i-Pa]*[ en (nh +A Pr) (p-pd’ ) 





At — (Agha rAxf) CD ~D’) 
staaeg sae | Uae F ) (4.3) 


= oCD®) 
The value of D' that minimizes Equation (4.3) will be found 
as 


—RD —(A 7 
Pome t-ppe ee rae ae 


ee 7} 


Aa fa + Ar Py Les 


for Q=x<D. 

Hence, for the defense, the optimal strategy is to 
Batoeeriring when the offensive tank first enters the field. 
It 1s possible to derive an analytic solution for the op- 
tional D‘' in the case in which Poy PO Dube tt Wrll no 
doubt be very complicated. In Section V, the optimal 


distance will be evaluated numerically for various cases 


of interest. 


Be MODEL TWO 
In this model there are two offensive tanks to cross 
the mine field. They start at the other edge of the mine 


field at the same time and use disjoint paths [Ref.4.]. 
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The mine field can be either undefended or defended by 
the defender's anti-tank weapon. 

Assume that the fire rates and hit probabilities of 
the offensive tanks are the same and if the mine field is 
defended, the duel starts at the time when the offensive 
tanks get into the mind field. The probability that the 
anti~tank weapon of the defender aims first at any particu- 
lar offensive tank is %, whether the first shot of the duel 
1s offensive or defensive is random. 

Let X, (x) be the state of the offensive tank using #1 
path x units into the mine field, 

Xo (x) be the state of the offensive tank using #2 path 
xX units into the mine field, 

Y¥(x) be the state of the anti-tank weapon when the 
offensive tank is x units into the mine field. By the 
previously stated assumptions (3.1), the random variables 
X, (x) and X,(x) can take the value 107 gee, 3) and the 


random variable Y(x) takes the value {0, 3}. 


1. No Anti-Tank Weapon Defends 


We can expect several cases; neither tank encounters 
a mine in their path; one offensive tank hit a mine and has 
slight damage or loss of mobility or completely destroyed 
damage, and the other one has no damage; one offensive tank 
has slight damage or loss of mobility or completely destroyed 


damage and the other one has only slight damage. 


ZS 





damage or only slight damage: 


then 


PEmcy2z1} = P{ Xin) =0, Xacxy=o} 


+Pixiim 24, Xameos} 
TPL XD =O > Xam 24} 
+ P{Xin =2, Xaw =o} 
+P fx =0, Xow 2} 
+P{x (0 =3, Xiu =04 
+P{ X= 0, Xam 3} 
tpfixiw =4 X09 = 4 f 
tPLy, (22, Xm =4 | 
+Pixim =4, mwe2} 
TPT Xm = 3, &w=4 } 


tP4 xX, (~ = 4, Xa)23 4} 


Pincp)ad } = (1) +200) +20m)’+200) 


*(VJ + 2[ vl) tary) 
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Hence, letting N(x) be the number of tanks with no 


(4.5) 


(4.6) 





Here 


[1] =P{xcp2=0, Xa(pyz0} =e Me™ 


LOY =Pixcmet, Xaco=0} =e’ (Rp perk?) 


“T. X (D=0, ¥.(m=s } 


(1 =PLX, cp) =2, Xig=o} = R. (1+ ney er 


=PL¥,cm=0, X.0)= 2} 


LIV) = PL Xx,(p) = 5, X21) =O} =B,(1-€") ek 


+ BPs (1-6 Re 8) eM 
= PL Xp 20, X2tn>3 } 
ty] = Pf X,cD =4, Xam24} = (RR, pe ey 
yy = P{x.co=2, Xac=1} = (RADE ®)- P(1-E™) 
= Pd Xcyed, X.¢= 2, 
[Vv] = PixXicm=3, Xacm= 23 =(rp pe )af R,0-e"%) 
+ BPs (1-€*=R0e 7 


= P{x (#1, X2(0) =3 } 


Ze 





2. There is One Defensive Anti-Tank Weapon 


This case 1S more complicated than the first case. 


Again, 


only slight damage. 


let N(x) be the number of tanks with no damage or 


Pincm2s} = PLYmw=0, Xm=0, Xameo} 


*P{ Yim 20, Xim=0, Xm 245 
*PL Ym 20, XiM=4, Xm =o} 


tPt You) =0, XW 20, mw =24 
+P 4 ¥en) = 0, Xi =2, Xam = Oo} 


Py Yin) =0, Xi (9 = 0, Xatw =3 5 
+Pf Yu) =0, Xie =3, Xa(w=0} 
tPLYW= 0, Wad, Mewes 
+Pf Yi~ = 0, Xow =4, Xe = 2} 
TPS Yin =0, XY (We 2, X2 wah} 
+Pf Ye 0, MOO Fh, Xi =3 5 
+PL YH) 0, XM =3,Xa(y=4} 
FPL YOO =3, HW=0, X09 =0} 


+Pt Y(W=3, X=, X2@= 4} 

+ Pf YH=3, Meh Xmwso}j 

TPS Yim 3, XiOyed, Rim =2} 

tP$ YW =3, MM=2, X.~wW=04 

tPL YY M= 3, X26, X20 =3) 

tPYL Y (0 =3, A(W=3, RiM=0} 
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+ PE Yo =3, Mi (xed, wal} 
+ PLE Y@=3, Xo) Hh, Xaepe2} 
+PE Yo =3, X22, Xaed} 
+PE Yuta, Xum= 4, a3} 
TPL Ym =3, Xime3, %209=4) 


Rate ay: 
P{ntores) = C1) t2L} + 20M) + 20IP]+ EU) toler +areyy 


+CUN) +2002) +202) + Tyr) eee 2m) ralery 


where [1], [II], ..., [XIV] are defined as below. 


CT) = PL Yim=0, XcD=0, X.icp =0} 
By the exponential assumptions of the model, for h small 
PLY (ath) =0, Xiarh=0, Xa(xeh)=0 } 
=P£Yim=0, Xiweo, Xatw=o} [4 -2Rh+orh)] 
wLt~ Cae ahPdh + och) J 


Subtraceing Pt YI =O, Ki(W=6, Xo.(w=0 } from both 


Sides, dividing by h and letting h tend to zero, results in 


d 
dx PL Ym=0, X20, X%im=o} 
=~ (2R tAsiat Arr) ™ PL YQ 20, X20, Xw=0} 


rv 
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Solving 


PLY(D=0, XR =O, Xala =04 
= etl taf + 47h) D 


@ 


[I] = pLymeo, x%m=o, Xatp=4 } 


Similarly, 


Pd Yemeh) =O, Xi(xth) = 0, Xaixehy = 4) 
"PLY =0, X10, Xaw=4}L1-2Rh + 0¢h)] 
x LL-Catat2rre) h + eh) ] 
TPL YH =O, X20, Xm2 oF L Rh + och)] Ry 


al Y¥(OF0, X20, Xarx) et F 


=~ (2RtAabraae)* PL Yovs0, X@=0, xsm=t} 


Ta.) eds + Mfa + 2zAT RB) x 


then 


PL Y(M=0, Xcp=0, X(p)=4 F 


— R:R,- D: e § 2R + AAR +t 2ATP,) Dp 


= Pi Yim=0, X¢p=4, X2 (o)=0} 
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Similarly, 


LMJ = piYen=o0, X,cw=0, X2(D) = 2} 


PR Yinthy=0, Xilxth) = 0, Xa(aeh)=2 } 
r P 4 ¥¢x) =0, A. (x)=0, Xe(x22} —(R+Ag Pa + 247 )h+ ech] 
+ PLYW=0, X20, Xx =O} LE RRh + Ch] 


Then using the expression in [I] 
d § Vex) = 
df t YO)=0, Xo =0, Xarw 224 
=~ (RtAah+2Are)* Pf Yod=0, Xilw=0, X,cx)22} 
+ (RRa) @7 SAR +4ah + ree ) x 
Pf YOM =O, X(M=0, Xatp=2 b 


= eer Le @ ®°) 2, @ Vat rArPr) D 


= PL Y(m=0, Xo) 22, Xicpso} 


[VW = PEYCD=0 , KmM=0, Xecp=3} 
Pi Yixrn= 0, Xiixen)= O, X(xth) =3 5 


. Pe ¥() =0, Xl) =0 ; X.(w=3 }[1- (RtAap tar Pe) h + 0¢h)] 
t Pf Yoo, Kix) =O, Xain=oPL RBsh + aka h + o¢h)] 


+ PF Vay =0, XO =0, Xa =ShCRsh tz ah + 6h) ] 


onl 





d 
d, PtYQy=o, Xi) =0, X2(W oe) 
= —(R+Ash +ArP,) » Pf YX =0, XW20, Xaix=3} 
7 (RB, +z An) eo (2R+ ARB + 2A Pe) x 


+(RR +d Maal RE XE (2R + Ankh + 24P) X ; 


— Xi(D)=0, 20D =3 5 


= or RO, (alt PD -(R+Aafa t 2AT iD 
> HaBeaeR)D = (Read + drPe) D 


2A 
=(R+Afr)D- € eo 


Gee Ania (Aala tar) D > (Rt AaB + 22a) P 
+ « 
z(t e i : 


—ED —(Aafa tArPr)® -(R+Aafa +2Ar Re) D 
+e Rp, *— Ler -€ 
2(Rt Athy 


A 2A oa D 
Br ey: e (K-+Aaka + 247 Pe) J 


= PLY(n)=0, X(M=3, Xitmao} 


Be 





(VJ =PLY(m=0, Xco=e4, Xicmets 
Pi Yewth) =0, X (x+h) = a Xatxrh=4 } 
=P} Ym=0, Xiw=t Xat@2d LD) = (2R+Agh + 2aePe) h + oth) | 
+PL Yi =0, X04, Xw=so} CREA + chr} 


+P {Yin =0, X)=0, Xa SSL RR b+ och) ] 


& Pi YM =0, Xi =4, Xana 


ae 
o=! 


-(2R +Aape aarp) * PL Yow =0, X24, Xew=d} 


+ (2RR) CRA XE (28 +Anlh +2Arhe) x d 


P{Y(m=0, Xs(m=4, Xaco=4} 


= ( RPeD-e Ry e — CAak +t 2AyP.) D 


[VI] = P£yim=0, Xcm=4, Xacm=2} 


Pi Y xr h)= 0, Ky (xtha1, X2(xe+h) =2 b 


= PRYOO =0, X24, XacMa2hli-CRtAafe+ rep, )h + oCh)] 


+ PLY@m=0, Xmas, X= Oo} CRRah + ech) 


+ Pf Yi =0, X10=0, Xaiw=2 FERB A + och) ] 
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x Pf Yrx) =O, Xs(M=a1L, X20 = 2 \ 


= -(Rrdalae ArPr) * PL V(x) =0, Xiooe1, Xaiv= 2} 


+ (RRL RR. x e~ 02K +Aalh + 2ArPr) X 5 


PR eee. 6 rent erhx) 


P£Ycp=0, Xcm24d, Xx60) 22} 
= Rp. Be Ro, -E*?) P. er (Aafa + Ar Pr) D 
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[VI] = Pi Y(d)=0, xi CD#1, “ain = 3} 


Pe Yexth) =-(), x! (a-rh) = 1, Xa(xth)=3 } 
= PLYW=0, Xi(a=L, Xaca=3} [1 = (Rea tae Dh 0 hI] 
+P$ YQ =0, X24, %(2)20 SL Rah +sAahh rech)] 


+P? Yw=0, XYined, Xyn=LbLRAh +z Aabhtech)] 
+ Pf Yin) =0, X10=0, Xw=e3hO RK h +eCh)) 
dd 

i, PLYw=0, X= 4, X200=35 


= - (RtMah +c) * PL Yeo, XWel, Xaiw=3} 
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+(RP, apa) [R.x. RE ~(2R+ Aah + 2A) x J 


A 2At Px 
TKReeeaA ERE el ett J 


RRs Reis ) CR + ara )x 
* (RR) UC Rane * Geemar) © J 


+ (ab dala RE Aah Je —(R+ Aa tAePe)x 
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R+ At Pr ~ CR Ah)? c 
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R-+AtPr ee 


-(4 RE dada ) er (AR + AAPa+2drPe) x ] 
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Piycm=o, Gee, X2(p) = 3} 
= gh 2 —CAaPa +r) D = _—(R+AaPa e 2452) D 
RE De Seen) le --€ J 


FRE DET R'E Rs ae [ eo MMR x (R4Aat 2%) D 


R+Aah + 2ArR)D 
-(R+mP) D & S** ar 


>RD- —  AnP, — CAafat App - a 
PD AIA AlA 1) D (R+Aafe + ArPr) D 
phate 2(R+ AR) le —— J 


+RE DE Re —Aala. [eam tak) D 


—(R+JaPy tarePe)D 
a (Rte) -€ 


AAR + 2AT PR) D 
pee 8s rh) D- 


~ PLYCD=0, Xcmy=3, Xatm=d J 
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CVD] = P{ yem=3, Xcm=0, Xecm=0] 


P} Yexth) = 3, Xi (xeh) =0, Xa(xeh)=6} 
7 P3 Yim =3, X(*=0, X20 =6} [1 -2Rh + ch) J 


+P{ Yi =o, Xm =0, Xetw sob lLaaeh + och] 


Eri ym=s, X\() =0, Min=o} 


a 2R) * pi Y (x) =3, X (x= 60, X2(w%= 0} 
eee 628 ON othe) x 


P{Ycm=3, Xrm=0, Xacm=o} 


ee ee 
Aala + 2AnPr 


e77kP ( | - eo alt 2-72) D ) 
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V. NUMERICAL RESULTS 


In this section, numerical results are presented for 
each model with specific parameter values. Insofar as is 
possible, the parameter values that are encountered in the 


field will be used. 


A. MODEL ONE 
The numerical results for Model One will be given for 


the following basic parameter values: 


Py, = 0.2 hy = Ap = 0.037 
BapieOee R =OMO05 = (Se) 
Po3 = 0.5 P, = Pp = 0.6 


Here all parameter rates are converted into units of 
distance; for example, the value of the fire rate (An, hn) 
is 0.037 rounds per unit distance which is equal to 5 rounds 
fired per minute times the speed of an offensive tank in 
the mine field which is 8/60 kilometers per minute. 

1. There is No Defensive Anti-Tank Weapon 

Table I gives the P{N(D)=1} for some values of D, 


meting (4.1) and (5.1). 
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TABLE I 


Probability that the Tank Gets 
Through the Mine Field Successfully 





D, depth of a mine field in meters. 


If the defender wants to reinforce a mine field with 
no anti-tank weapon defense, there is no effective difference 
between increasing the rate of mines or lengthening the depth 
of the mine field as can be seen from Equation (4.1). 

2. One Anti-Tank Weapon Defends 

First of all, the optimal offensive tank position 

for the first shot of the defensive anti-tank weapon is 


evaluated. 


Boon co) =1} 





O 190 200 300 a26¢ 560, —> 
Figure 5. Probability of an Offensive Tank Which Gets Through 
a Mine Field Successfully. 
Speed of offensive tank; 8 kilometers per hour. 
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Figure 5 presents typical graphs obtained from the 
numerical evaluation of equation (4.2) for PS {N(D)=1}, the 
probability the tank successfully travels Eee the mine 
field in the case that the anti-tank weapon fires first when 
the offensive tank is at position Xo: 

Optimal distances for the first shot of a defensive 


anti-tank weapon are given in Table II for the parameter 


values given in (5.1) for three mine field depths. 


TABLE II 


Probability of an Offensive Tank 
Which Gets Through the Mine Field Successfully 







Maximum Minimum 
Probability Probability | Position 
0.0414 0.024 


The optimal strategy for the defense is to fire its 
first show at the offensive position which minimizes the 
P{N(D) = 1}. The optimal position for the defense is changed 
by changes in the mine field depth and changes in the basic 
parameters. However, the change in the optimal position 


appears to be small for the range of parameters we are 
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interested in. Table III gives the percent change in 
P{N(D) = 1} when parameter values are changed for a field 
depth of 300 meters and a defensive first shot position 


J? 


of three meters. 





—gro oa | -31.82 | 52.17 | -13. 
= onomaeeawo? | —40,.05 | —66.67 | --1l6.67 


ZOwOO Te 0: 00 aero O 00 | 20.00 





feeoiloe eb ee 
Change of Percent of Probability with 
Advantage of Defender Side 
The hit probability of offensive tank (Pr) i 0.6 
The fire rate of offensive tank (Ap) i Om057 
The rate of mines in the field (R); 0.005 
The hit probability of anti-tank weapon (Pa); 0.6 


The fire rate of anti-tank weapon (An); On03 7 


The value in a cell of Table III indicates the change 
in percent of initial probability that an offensive tank 
gets through the mine field due to the amount of change in 
the parameter values. A positive value means an increased 
P{N(D) = 1} and a negative value is the opposite. Table III 


Suggests that in the case of a duel between one offensive 
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tank and one defensive anti-tank weapon with mine field, the 
most sensitive parameter is the hit probability of the de- 
fensive anti-tank weapon and the next sensitive is the rate 
of the mine field. The reason the hit probability of the 
anti-tank weapon is the most sensitive parameter is that the 
anti-tank weapon of the defensive forces has the advantage 
of firing its first shot at an offensive tank by surprise. 
Table IV gives the same information as Table III for the 
case in which the anti-tank weapon does not have this 
advantage; that is, the first shot of the duel is offensive 


or defensive with a probability of %. 


TABLE IV 


Change of Percent of Probability 
Without an Advantage of Defender Side 


po 04 Seo aE ema) ato. 04 
= 67 Ine Slory Oe Oe ea Oo) 
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B. MODEL TWO 
The numerical results for Model Two will use the same 


basic parameter values as Model One; that is: 


nL 





epee Or2 Ln = 0.037 
Een 3%, A, = 0.037 
Po, = 0.5 R = 0.005 
P, = 0.6 P, = 0.6 


We also need to specify another value, es, which is the 
probability of transition from state 1 to state 3. We will 
assume the probability of transition from state 1 to state 3 
es Ll; Pi3 = 1. All rates are in units of distance as in 
Model One. 


Bee liebe Tse Detensive Anti-Tank Weapon 
Table V gives the probability that at least one tank 
gets through the mine field for various mine field depths 


that are obtained from Equation (4.4), 


TABLE V 


Probability that at Least One Offensive Tank 
Gets Through the Mine Field Successfully 


ee Ce 
ee 


D, depth of mine field in meters. 






Equations (4.5) and (4.6) indicate that if a defender 


wants to reinforce his defensive strength with mine fields 


Oy 





(make P{N(D)21} smaller), there is no effective difference 
between increasing the rate of mines or lengthening the 
depth of the mine field. 


2. There is One Defensive Anti-Tank Weapon 





TABLE VI 


Probability that at Least One Tank Gets Through 
The Mine Field Successfully Depends on 
Speed and Depth of Mine Field 










O2Sce2 
8 ORES00 
500 eZ Oe oe 


A OE 16 


D, depth of the mine field in meters. 


Speed: Speed of the tank in kilometers per hour. 


The results of Table VI are obtained from the 
Equation (4.8). Note that as the speedofthe offensive tanks 
increase, the P{N(D) 21} decreases. Increasing the speed 
of the offensive tanks causes the firing rate in duel to 
decrease from An = X,, = 0.037 rounds per minute to Ant Ap = 


Ab 
0.01875 rounds per minute. 
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Let A’ be the sum of all the probabilities of the 
events in (4.7) in which Y(D) = 0. 

Let B be the sum of all the probabilities of the 
events in Gea) in which Y(D) = 3. Table VII gives values 
for A and B for various different An = A, with all other 


A 


parameters as in (5.1). 


TABLE VII 


Change of Probability Depends on Speed 


iene A971 00 0.39128 


PAOSeSr colon | soscaaes 
0.0299 | 6. 30x10 


r A,, fire rate in rounds per minutes 





Note that A increases as the fire rate decreases 
and B decreases as the fire rate decreases, as 1S expected. 
Hence, it appears that the reason P {N(D) 2 1} decreases 
as the offensive tank speed increases is that for the 
range of parameters we are interested in A is very small 
relative to B. 

Table VIII investigates the sensitivity of the 
five basic parameters in the model with a mine field depth 


of 300 meters and initial values of parameter as in (5.1). 
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TABLE VIII 


Change of Percent of Probability 





3; increasing percent of value of parameter 


Pj? hit probability of an offensive tank, 
Ani fire rate of an offensive tank, 
R:; rate of mines in the mine field 


P.; hit probability of a defensive anti-tank weapon. 


The value in a cell of TABLE VIII shows the change 
percentage of initial probability that at least one offensive 
tank gets through the mine field successfully due to the 
corresponding change in the parameter value. Positive values 
indicate the probability P{N(D)21} is increased and negative 
values mean decreased P{N(D) 21}. 

Table VIII suggests that if a duel begins between 


two offensive tanks and one defensive anti-tank weapon, 


25 





then the rate of mines in the mine field is the most impor- 
tant parameter to effect the result. It indicates that a 
defender who wants to decrease the probability of an 
offensive tank crossing the mine field should make his 


mine field with as high a value of rate of mines as possible. 
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VI. CONCLUSIONS AND RECOMMENDATIONS 


As one of the best means of defense against an enemy's 
quick attack, the mine field which is possibly defended by 
an anti-tank weapon, is studied. Some formulae of simple 
models have been derived and numerical evaluations and 
analysis are provided for some cases for further interpre- 
tation. 

The model of this thesis used many assumptions. Some 
assumptions are, the mines in the preinstalled mine field 
act their characteristics with 100 percent reliability; 
the duel between offensive tanks and defensive anti-tank 
weapon is ended at the time when an offensive tank gets 
through the mine field successfully; there are unlimited 
ammunition supplies; and the damage of offensive tank due 
to anti-tank weapon fire is classified only killed or not 
killed. 

Also, this thesis has considered in detail only two 
models; however, many other models can be formulated as 
continuous time Markov chain models. In these cases, the 
probability that at least one tank successfully travels 
through the mine field can be thought as the probability 
that the continuous time Markov chain is in the particular 
set of states at a finite time D (as in 4.7). The analytic 


expression for this probability will in general not be 


=e 





Simple; however, one can always write down a system of 
differential equations for it which can be solved numerically. 
If someone wants to make a model for a special area defense, 
he can use these models possibly with modifications to meet 
his needs. It may be more useful to combine these models 
with an air defense model for some special area. 

In conclusion, these models are simple and some assump- 
tions are not real. However, they can provide insight to 
evaluate the conventional preinstalled mine field and to 
evaluate the strength of defense with mine field against 


enemy's quick attack. 
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